We prove the generalized induction equation and the generalized local induction equation (GLIE), which replaces the commonly used local induction approximation (LIA) to simulate the dynamics of vortex lines and thus superfluid turbulence. We show that the LIA is, without in fact any approximation at all, a general feature of the velocity field induced by any length of a curved vortex filament. Specifically, the LIA states that the velocity field induced by a curved vortex filament is asymmetric in the binormal direction. Up to a potential term, the induced incompressible field is given by the Biot-Savart integral, where we recall that there is a direct analogy between hydrodynamics and magnetostatics. Series approximations to the Biot-Savart integrand indicate a logarithmic divergence of the local field in the binormal direction.
I. INTRODUCTION
The term superfluid denotes a phase of matter whose dynamical flows can be described, at finite non-zero temperature, by a two-component macroscopic field with well-defined properties.
1-3 One component is a purely classical field, while what remains is called the superfluid component. The superfluid is ideal in the sense that it is inviscid and has infinite heat capacity provided by its lack of classical entropy. Rotation enters the superfluid component in quantized vortex filaments 4, 5 that, for example in 4 He, transmit thermal information acoustically and are detected by this second-sound. 6 Superfluid dynamics can be generated by the introduction of a small heat flux. 7 Conservation of mass requires that the classical movement away from the heat flux be offset by a counterflow of the superfluid component.
If this heat flux is not small, then the quantized vortices tangle, indicating the onset of superfluid turbulence. [8] [9] [10] [11] [12] [13] For large heat fluxes, the superfluid transitions into a purely classical phase. In classical turbulence, vorticity can concentrate into complicated geometries.
For this reason, large-scale simulation of classical vortex dominated flows is computationally costly.
Vortex line structures are most appropriate to superfluid models of 4 He where the quantized filaments have radii of a few angstroms. 6, 14 These quantized vortices provide a coherent structure for aggressive analytical and numerical study unavailable to classical fluids. Vortex line structures can also be used to model atomic Bose-Einstein condensates, where there has recently been a revival of interest in superfluid turbulence due in part to a series of remarkable experiments in the Bagnato group. 15 Our study begins with simplifications to the Biot-Savart representation of the field induced by a vortex line
The associated reduction of dimension aids analytic calculation and reduces numerical cost.
When such filaments are considered initial-data to the Navier-Stokes problem, then global well-posedness results. 16, 17 The use of these data to approximate self-induced vortex motion is the backbone of the vortex filament method. 
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Specifically, we will prove the following results:
Theorem 1 Generalized Induction Equation
Let ω = ∇ × v be localized to an arbitrary arc with parameterization ξ = (R sin(θ), R − R cos(θ), 0), where
Then there exists bounded functions V 1 , α 1 , α 2 , L ± and k, of ε = |x|/R = κ|x|, such that the induced velocity field is given by
where F is an incomplete elliptic integral of the first kind. Moreover, there exist constants β 1 , β 2 , β 3 , β 4 such that V 1 can be written as
wheret,n,b, are the tangent, normal and binormal vectors of the local coordinate system.
Theorem 2 Generalized Local Induction Equation
Under the same hypotheses of theorem 1 and for ε ≪ 0 the induced velocity field is dominated by the binormal flow,
where x 2 is a dimensionless angular component of the spherical decomposition of x and κ is the curvature of the vortex arc. The limits ε → 0 and L → 0 imply that k → 1 and λ → 0 and in this case the incomplete elliptic integral of the first kind admits the asymptotic relation F ∼ F 1 where
Using this, along with standard differentiation formula for incomplete elliptic integrals of the first kind, provides a first order asymptotic form for the local field given by
where E is an incomplete elliptic integral of the second kind.
In words, the first theorem expresses the velocity field generated by vortex arc in terms of incomplete elliptic integrals of the first kind. Moreover, this field can be decomposed into three fields controlling the tangential, circulatory and binormal flows. Of these fields, the binormal contribution is O(1) while the remaining fields are O(ε). The second theorem considers the remaining field in the limits of ε → 0 and L → 0. In this limit the incomplete elliptic integral of the first kind admits an asymptotic form and consequently provides a representation for the velocity field local to the vortex arc. This asymptotic form is comparable to LIA in that the Biot-Savart integral has been 'resolved' and the binormal flow is represented by elementary functions. This form is only valid for filaments of infinitesimal arclength and consequently idealized. However, using the same asymptotic framework, one can construct expansions valid for arcs of finite length. In fact, the remainder terms of such expansions are known and thus the associated approximation error can be controlled. The necessary asymptotic results are quoted in the appendix.
The rest of this document will be organized as follows. In Section II we define the geometry and derive the Biot-Savart representation of the induced velocity field. In Section III we convert this representation into an elliptic form and prove the generalized induction result (2)- (3). In Section IV we reduce this elliptic form into a sum of incomplete elliptic integrals of the first kind. Lastly, using known asymptotic results, we derive an expression for the local velocity field and prove the generalized local induction equation (GLIE) result (6) . We conclude with some discussion on adapting this result to vortex filament methods and prospective avenues of future work.
II. BIOT-SAVART AND QUANTIZED VORTEX RINGS
It is well known that a vortex-defect with trivial curvature embedded into an incompressible fluid does not induce autonomous dynamics. This is due to an angular symmetry in the induced velocity field. This symmetry is no longer available for curved vortex elements.
Using a vortex ring, it is possible to introduce nontrivial curvature and avoid approximations to the Biot-Savart integral. To be precise, we treat a vortex structure ω :
where ξ :
. Thus, at the point x = (x 1 ,x 2 ,x 3 ) we get an element level description of the velocity field,
where we have used the Levi-Civita symbol, ǫ ijk , and employed silent-summation over repeated indices. Noting that |ξ| 2 = 2R 2 − 2R 2 cos(θ) provides the formulae
where the denominator is given by
and whose coefficients are
For future limiting work, we have chosen a radial-representation for x = |x|(x 1 , x 2 , x 3 ) where x i is the i th dimensionless angular component of x.
III. CONVERSION TO ELLIPTIC FORM
The previous integral representations for the velocity field can be cast into elliptic form.
To do this, we first reduce each integral into an elliptic integral by taking derivatives with respect to internal parameters. Doing so gives
where the parameter ε = |x|/R is the ratio of radial distance to the radius of curvature.
Application of the chain-rule gives the induced velocity field as
where the vector V 1 is given by
implying that the velocity field is determined by the derivative of an incomplete elliptic integral. Moreover, this proves Eq. (3) from theorem 1 where
For ε ≪ 1 we find that the velocity field is dominated by Figure 1 shows the vortex configuration as well as the associated field and vortex coordinate geometry. Using the depicted spherical decomposition of x we find that the previous dimensionless parameter is given by x 2 = sin(γ 1 ) sin(γ 2 ). Moreover, we observe that the standard basis vectork corresponds to the binormal vectorb. These two facts show that the velocity field, asymptotically close to the vortex arc, is asymmetric in the binormal direction and that this affect is extremized for field-points on the normal-axis, which agrees with standard results of induced binormal flow.
IV. REDUCTION OF ELLIPTIC FORM TO CANONICAL ELLIPTIC INTEGRALS
Before we construct the asymptotic representation of the velocity field, the previous integrals are converted into canonical forms. The induced velocity field is controlled by an integral of the form
which can be converted to a sum of incomplete integrals of the first kind. First, we introduce a new angle defined by tan(φ) = c 3 /c 2 and hypotenuse r 2 = c Now, introducing a change of variable 2ψ = φ − θ and the notation L ± = (φ ± L)/2 we apply trigonometric formulae to get
where k 2 = 2r/(c 1 + r). Lastly,
where F is the standard incomplete elliptic integral of the first kind,
such that λ = sin(ϕ).
V. ASYMPTOTICS FOR THE INCOMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND
Having reduced the Biot-Savart representation of the velocity field to a canonical form,
we can now make use of the known asymptotic formula of Karp and Sitnik, 49 which permits the study of (32) for all (λ, k)
. Specifically, they derive a series representation and remainder term for F , which is asymptotic for k → 1. Their complete theorem is quoted in the appendix, but we only require the first-order approximation
which is asymptotic to F for λ → 0 and k → 1. This asymptotic formula is not suited to differentiation. 50-53 Thus, we must first apply the differentiation formula, for the incomplete elliptic integral of the first kind, prior to its asymptotic evaluation. Doing so gives lengthy formulae and for these we introduce the constants
Using these constants, find
where
is given by differentiation formula for incomplete elliptic integrals of the first kind. Together with Eq. (21), proves Eq. (2) of our first theorem where α 1 = 2A 1 and α 2 = A 2 . From Eq.
(27) we find that the local velocity field is given by
At this point, the asymptotic formula (A.1) can now be applied to F (λ, k) where λ = sin(L ± ). To compare these results to standard LIA we take ε → 0 and L → 0. In this case c 1 = −c 2 = r ∼ 2, c 3 ∼ 0 and the constants take the asymptotic forms
Together this gives the first-order asymptotic representation for the velocity field,
for the limits ε → 0, k → 1 and L → 0, λ → 0. This proves Eq. (6) of our GLIE. It should be noted that the above formula is nonzero even for the extreme case of
The physical meaning of this statement is that the local field induced by an infinitesimal segment of a vortex line is nonzero and asymmetric in the binormal direction.
VI. DISCUSSION AND CONCLUSIONS
We have derived an asymptotic representation for the local velocity field induced by a curved vortex filament. This derivation generalizes the previously known statements of induced binormal flow, which play an important role in two-component superfluid simulation.
In such simulations one must calculate the superfluid and normal fluid flows as well as their mutual friction interaction. This mutual friction embodies the scattering of rotons and phonons off of the vortex structures. [8] [9] [10] [11] 54 It is possible to calculate this interaction in a manner self-consistent with Navier-Stokes and fully coupled to both components.
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The normal fluid is approximated through Navier-Stokes simulation techniques while the kinematics of the superfluid make use of LIA. Though our focus is LIA dynamics we offer the following references to the computational fluid dynamics literature, which has been used for coupled two-component superfluid simulations. Mathematically, the kinematics of a vortex filament, ξ, are described by
In a filament method, it is typical to prescribe the normal-fluid flow V N and neglect the mutual friction terms involving β and β ′ .
14 This leaves only a potential flow V S and induced flow V I . Of the remaining quantities, the computationally costly induced flow is managed through the LIA,
where L ± = (φ±L)/2 is related to the cutoff length L and angle φ. Vortex filament methods avoid integration by application of this approximation to nodal points of the Lagrangian computational mesh attached to the filament centerline. Alternatively, we could simply replace LIA with GLIE (4)- (5) and write V I ≈ V ε and prescribe a field point x and arclength s = 2RL. However, if the higher-order circulatory and binormal terms are desired, one could use (2)-(3) and employ efficient numerical routines for the incomplete elliptic integrals.
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Either of these changes will then be applied to node points of a computational mesh modeling the filament structure. 
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Meshing is the most difficult aspect of vortex filament implementations. Not only must the mesh adapt to the vortex dynamics, it must be made to reconnect filament elements that are not predicted by the Eurelian theory. 69 The most elementary reconnection algorithms appeal to nonlinear Schödinger theory and force reconnection of filaments passing within a few core widths of each other. 48, 70 The current theory of the reconnection process is not satisfactory and efforts to avoid ad hoc simulated reconnection continue.
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Superfluid turbulence dominated by quantized vortex flows is an active area of analytic, numerical and experimental research. 15, [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] Though local induction techniques will play a part in continued numerical investigations, understanding geometric and topological quantification of a tangled state is as important and still a work in progress. [88] [89] [90] [91] Lastly, the vortex line approximation, while useful and appropriate, must eventually be discarded in favor of nontrivial core-structure. It is likely that the methods developed within this paper can be adapted to current arguments used to study fields induced by vortex tubes.
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That being said, this work makes it clear that binormal flow proportional to curvature is a general feature of vortex filament dynamics. This means that the well-celebrated transformation of Hasimoto 92 , which connects the filament's curvature and torsion variables to a wavefunction controlled by nonlinear Schrödinger evolution, is fundamental to vortex filament dynamics. Consequently, even geometrically complicated filament dynamics are rooted in integrable systems theory. This connection underpins efforts to predict allowed filament geometrics from the associated integrable systems.
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Appendix: Asymptotic Representation for Incomplete Elliptic Integrals of the
First Kind
The following theorem is one of the two major results proven in Karp and Sitnik. 49 The second result gives a simpler expression but is not valid on the leftmost edge of the unit square and therefore not used in our calculations. (1/2) j (1/2) j (j!) 2 (1 − k 2 ) j + 1 2λ
where s n (·) is given by the recurrence formulae s n+3 = a n s n+2 (x), +b n s n+1 (x) + c n s n (x) + h n 4(n + 3) 2 , (A.2) a n (x) = 8n 2 + 36n + 42 − x(2n + 5) and the remainder term is negative and satisfies, is bounded on every subset of E of the unit square, where .12) and is monotonically decreasing in N.
From this theorem we denote its first-order approximation as 13) and note that this expression is asymptotic in the λ variable.
